Abstract. A partial magmatic bialgebra, (T ; S)-magmatic bialgebra where T ⊂ S are subsets of N ≥2 , is a vector space endowed with an n-ary operation for each n ∈ S and an m-ary co-operation for each m ∈ T satisfying some compatibility and unitary relations. We prove an analogue of the Poincaré-Birkhoff-Witt theorem for these partial magmatic bialgebras.
Introduction
Let H be a cocommutative bialgebra over a field K of characteristic zero. Then the Poincaré-Birkhoff-Witt and the Cartier-Milnor-Moore theorem [4, 12] can be rephrased as:
Theorem 1 (PBW CMM). The following are equivalent: i. H is connected, ii. H is isomorphic to U (Prim H), iii. H is cofree among the connected cofree coalgebras.
The space of primitive elements Prim H of H functorially admits a Lie-algebra structure, and U is the universal enveloping algebra functor.
This structure theorem has been extended to connected associative bialgebras by J.-L. Loday and M. Ronco in [10] , and has lead to many other structure theorems for generalised bialgebras (see for example [7, 8, 12, 13, 14, 15] ).
There exists now a general theory for these structure theorems for non-unital bialgebras over operads due to J.-L. Loday, see [9] . These bialgebra types are given by operads A handling the algebra structures, operads C handling the coalgebra structures, and the compatibility relations between the two structures. This theory gives conditions for the existence of a primitive operad such that an analogue of the structure theorem holds. Even when the conditions are verified, one of the main difficulties remains in unravelling the algebraic structure of the primitives.
Motivated by a systematic study of the theory, the first paradigmatic example of a bialgebra type to consider is the case where both operads A and C are free. We call this bialgebra type the partial magmatic bialgebras, and study them in this article, continuing some works of both authors [2, 3, 7, 8] , which consider certain bialgebra types with at least one free operad Mag -or Mag n , with free generators up to arity n. Magmatic bialgebras defined over A = C = Mag n were introduced and classified -over the operad Vect of primitives -by the first author in [3] . The natural generalisation of the case of magmatic bialgebras over C = Mag m , A = Mag n , for m = n, was posed as an open problem in [3] .
More generally, we consider in the first part of the paper (T ; S)-magmatic bialgebras where T ⊂ S ⊂ N. Such an (T ; S)-magmatic bialgebra is a vector space endowed with several not necessarily (co)associative operations and co-operations, namely one n-ary operation for each n ∈ S and one m-ary co-operation for each m ∈ T . The given bialgebra type verifies the conditions of [9] if the operations and cooperations are supposed to verify a compatibility relation, namely the partial magmatic compatibility relation. The primitive operads Mag Root S\T that we unravel are free operads generated by infinitely many generators. An equivalent way of defining the operad Mag Root S\T is as K Id ⊕ I, where I is a right operadic ideal of the operad Mag S . The structure theorem holds for (T ; S)-magmatic bialgebras, with Lie replaced by Mag Root S\T . The second part of the article is to adapt this theorem to the unital framework. In order to stay in the operadic framework, we have to restrict our study to partial magmatic bialgebras where S = {2, · · · , n} and T = {2, · · · , m}.
The question is how the statements of the first part have to be modified so that they are still valid in the presence of a unit. We give an answer to this question by finding the precise compatibility relation that one has to take, and by the way answer the open question of [3] .
Since the composition of operations may no longer be associative, the unital framework for general partial magmatic bialgebras needs a more general setting than the operadic setting.
In Section 2 we recall the basics on planar trees, and we introduce S-magmatic algebras, T -magmatic coalgebras. From Section 3 on, we work with (non-symmetric) operads. We show that S-magmatic algebras, S-magmatic coalgebras are defined as (co)algebras over operads Mag S . A formula to compute the dimension series of Mag S is given in Proposition 15. In Section 4, we introduce (T ; S)-magmatic bialgebras where T ⊂ S ⊂ N, and we pay special attention to the case S = T . The operads Mag Root S\T are constructed in Section 5. They are given (in arity ≥ 2) by a right operadic ideal (defined analogously to a right ideal in a ring). We also construct related forgetful and universal enveloping functors.
In Section 6, we extend results of [3] to the case of (S; S)-magmatic bialgebras, and then follow ideas of [10] to prove the main theorem, classifying (T ; S)-magmatic bialgebras. In Section 7 we give all necessary modifications of the previous constructions and the structure theorem so that they are still valid in the presence of a unit, provided S = {2, . . . , n} and T = {2, . . . , m}.
The structure theorems lead to some pretty combinatorics for the generating series of the corresponding operads. Some typical examples are given in Section 8.
(T ; S)-magmatic bialgebras
In this section we define S-magmatic algebras and T -magmatic coalgebras in order to construct (T ; S)-magmatic bialgebras.
S-magmatic algebras.
Definition 2. Let S be a subset of N ≥2 = {2, 3, . . .}. An S-magmatic algebra A is a vector space endowed with an n-ary operation µ n for each n ∈ S. Definition 3. A planar tree T is a planar graph which is assumed to be simple (no loops nor multiple edges), connected, rooted and reduced (no vertices with only one outgoing edge). The set of planar trees with n leaves is denoted by PRT n , and by PRT we denote the union n≥1 PRT n . The number n ≥ 1 of leaves will also be called the degree of the tree, and we also allow an empty tree ∅ of degree 0 later on (in Section 7). In low dimensions one gets: 
The n-grafting of n trees is the gluing of the root of each tree on a new root. For example the 2-grafting of the two trees t and s is:
the 3-grafting of three trees t, s and u is:
Remark 4. From our definition of a non-empty planar tree, any t ∈ PRT n , n ∈ N ≥2 , is of the form
for uniquely determined k and non-empty trees t 1 , . . . , t k .
Let V be a vector space. A labelled tree of degree n, n ≥ 1, is a tree t endowed with a labelling of all leaves by elements v 1 , . . . , v n ∈ V . We denote such a labelled tree by (t, v 1 · · · v n ), and represent it as follows:
One defines the n-grafting of labelled trees by the n-grafting of the trees, where one keeps the labellings on the leaves.
We denote by PRT S the subset PRT S ⊂ PRT that only contains planar reduced trees where the arities of all their inner vertices belong to S ⊂ N ≥2 . And by PRT S n we denote the set of planar reduced trees in PRT S with exactly n leaves.
Example 5. Let V be a vector space. The vector space ⊕ n≥1 K[PRT S n ] ⊗ V ⊗n , spanned by the labelled planar trees endowed with the n-grafting ∨ n of labelled trees, for all n ∈ S, is an S-magmatic algebra.
Definition 6. Let S ⊂ N ≥2 be a subset. An S-magmatic coalgebra C is a vector space endowed with an n-ary co-operation ∆ n for each n ∈ S.
Given t ∈ PRT a non-empty tree, it can be uniquely written as the n-grafting of non-empty trees t 1 , . . . , t n . Then the n-ungrafting of planar trees is defined as follows:
∧ n (t) := t 1 ⊗ · · · ⊗ t n and the m-ungrafting ∧ m of such a tree is zero for m = n.
Example 7. Let V be a vector space. The vector space ⊕ n≥1 K[PRT S n ] ⊗ V ⊗n , spanned by the labelled planar trees endowed with the n-ungrafting ∧ n of labelled trees, for all n ∈ S, is an S-magmatic coalgebra.
Recall on operads
We recall some properties of non-symmetric operads. The operadic setting is quite useful for our purpose, and it will permit us to easily derive the combinatorics of the operads involved later on.
Definition 8. To a graded vector space
we associate its Schur functor M : Vect → Vect defined by
The Schur functor admits a tensor product and a composition defined by
The tensor product and the composition of Schur functors can be seen as a Schur functor on graded vector spaces denoted by M ⊗ N and defined as :
and their composite denoted by M • N is defined as :
Definition 9.
A non-symmetric operad (often abbreviated into operad in this paper) is a graded vector space P = {P n } n≥0 equipped with composition maps γ i1,··· ,in : P n ⊗ P i1 ⊗ · · · ⊗ P in → P i1+···+in and an element Id ∈ P 1 , such that the transformations of functors γ : P • P → P and ι : Id → P, deduced from this data, endows (P, γ, ι) with a monoidal structure on the Schur functor P. We will only consider operads P with P 0 = 0, P 1 = K Id (connected nonsymmetric operads).
Let F be the functor from the category of such operads to the category of graded vector spaces, which forgets the monoidal structure (and in particular deletes P 1 ). Its left adjoint is the free non-symmetric operad functor,
With PRT denoting the set of planar reduced trees, the arity n-component T (M ) n of the non-symmetric operad T (M ) can be identified with the vector space
where k is the number of internal vertices of t ∈ PRT n and (i 1 , . . . , i k ) lists the arities of the internal vertices.
The operad composition can be described by the grafting of trees onto the leaves (compare also Definition 12 later).
Definition 10. Let P be a non-symmetric operad (or an operad), and let I(n) be a subspace of P n for each n.
Then I = (I n ) n∈N ≥2 is called a (two-sided) ideal of P, if for
whenever at least one of the operations p, q 1 , . . . , q n is in I. The quotient of P by I is again a non-symmetric operad and will be denoted by P/I.
As in rings, we analogously define right ideals in P, P a non-symmetric operad.
Definition 11. An algebra over a non-symmetric operad P (in short: P-algebra) is a vector space A equipped with a family of linear maps γ A,n : P n ⊗ A ⊗n → A, called structure maps. In particular, for V a vector space, the underlying vector space of the free P-algebra P(V ) is associated to V by the Schur functor P, and the structure maps γ A,n combine to a linear map γ A : P(A) → A, such that the following diagrams are commutative:
Morphisms of P-algebras A → B are linear maps ϕ : A → B compatible with the corresponding structure maps γ A , γ B , i.e. such that the following diagram commutes:
A P-algebra A is called nilpotent, if for sufficiently large n,
for all a 1 , . . . , a n ∈ A, µ n ∈ P n .
Analogously defined is the notion of a coalgebra over a non-symmetric operad, it is a vector space C together with a family of structure maps λ C,n : P n ⊗ C → C ⊗n . Morphisms of P-coalgebras C → D are K-linear maps ϕ : C → D compatible with the corresponding structure maps.
Following Loday [9] , we define the notion of connected coalgebra as follows. A P-coalgebra C is called connected or (co-)nilpotent, if the following condition holds:
for all c ∈ C there exists r ∈ N such that for n > r, λ C,n (δ n ⊗ c) = 0, all δ n ∈ P n .
For any P-coalgebra C, r ≥ 1, we put
And C is connected iff r≥1 F r C = C. Note the δ n ∈ P n is any composition of the generating co-operations such that δ n : C → C ⊗n .
The S-magmatic algebra (Definition 2) and S-magmatic coalgebra (Definition 6) can be viewed as algebras over the non-symmetric operad Mag S , introduced as follows :
Definition 12. Let S ⊂ N ≥2 be a set. Let M be the graded vector space given by M n = K for n ∈ S and M n = 0 otherwise. Then Mag S := T (M ) is the free non-symmetric operad generated by one n-ary generating operation for each n ∈ S.
We can identify the space Mag Thus we write Mag S (V ) := ⊕ n PRT S n ⊗ V ⊗n for the (underlying vector space of the) free S-magmatic algebra.
Remark 13. Note that all non-symmetric operads Mag
S are included in Mag ∞ = Mag N ≥2 , also denoted by Mag ω , see [7] . Moreover, for every inclusion T → S there is an inclusion of operads Mag T → Mag S .
Definition 14.
Let N il S denote the non-symmetric operad given by the quotient of Mag S with respect to the (two-sided) ideal consisting of all nontrivial compositions, i.e. any nontrivial composition will be zero in the quotient.
The following combinatorial formula is the key to explicit the dimensions of the spaces (Mag S ) n (i.e. of the spaces of operations with n inputs).
is given by the following formula (in the ring of power series in one variable x over K):
where • is the composition of power series.
Proof. For a presented quadratic non-symmetric operad P, let P d n be the space spanned by the n-ary operations constructed out of d generating operations, and let f P (x, z) be defined as follows :
The operad Mag S is free and especially Koszul. In the Koszul duality theory of operads, as noted for binary quadratic operads in [6] , the Poincaré series of a Koszul operad and its Koszul dual are related.
Since we don't work with binary quadratic operads but with general quadratic operads, we need the following general formula for Koszul operads, given by B. Vallette in [17] (Section 9):
In our case, the Koszul dual of Mag S is exactly the operad N il S . We put z = 1 and set f (
We get the following Lagrange inversion type formula:
It is clear that the space (N il
We illustrate this formula in some particular cases in section 8.
(T ; S)-magmatic bialgebras
This section introduces the natural notion of (T ; S)-magmatic bialgebra that we will classify in section 6 under the connectedness property.
The following proposition highlights that the vector space ⊕ n≥1 K[PRT S n ] admits an algebra structure due to the n-grafting of trees, ∨ n for n ∈ S, and a coalgebraic structure by endowing it with the m-ungrafting of the trees, ∧ m for m ∈ S.
Proposition 16. Let V be a vector space.
i. The space Mag S (V ) endowed with the n-grafting of labelled trees, ∨ n for all n ∈ S, is the free S-magmatic algebra. Explicitly: With i : V → Mag S (V ) the inclusion, the following universal property is fulfilled: Any linear map f : V → A, where A is any S-magmatic algebra, extends to a unique morphism of S-magmatic algebrasf :
ii. The space Mag S (V ) endowed with the n-ungrafting of labelled trees, ∧ n for all n ∈ S, is the cofree S-magmatic coalgebra. Explicitly: With p : Mag S (V ) → V the projection on V , the following universal property is fulfilled: Any linear map φ : C → V , where C is any connected T -magmatic coalgebra, extends to a unique coalgebra morphismφ :
Assertions (i) and (ii) of the above Proposition are dual to each other, and the proofs are by direct inspection, cf. similar proofs in [3] .
As on the same vector space an algebraic and a coalgebraic structure are coexisting, a natural question would be to seek for relations between the operation and co-operations. Note that in the case of classical bialgebras, the relation (called the Hopf relation) between the operation and co-operation is determined by the fact that one is a homomorphism for the other.
Lemma 17. The relation between the n-grafting ∨ n of trees and the m-ungrafting ∧ m of trees is the following: Let t 1 , . . . , t n ∈ PRT S be trees, then
Proof. The ungrafting of trees is defined in example 7. The tree t = ∨ n (t 1 ⊗· · ·⊗t n ) is uniquely decomposed as product of n trees, by construction of the space K[PRT S ]. And by definition the ungrafting depends only on the arity n of the root. This ends the proof.
The above proposition motivates the following definition :
Definition 18. Let T ⊂ S ⊂ N ≥2 be two sets. A (T ; S)-magmatic bialgebra (H, µ n , ∆ n ) is a vector space H endowed with a S-magmatic algebra and a Tmagmatic coalgebra structure verifying the following compatibility relation for all k ∈ T and l ∈ S:
Remark 19. This is a generalisation of the (m; n)-magmatic bialgebra structure introduced in [3] in the non-unital framework. (The compatibility relations collapse to the above in the non-unital framework).
Proposition 20. There exists a unique family of coproducts ∆ m with m ∈ S such that ∆ m (v) = 0 for all v ∈ V on the free S-magmatic algebra Mag S (V ) which makes it into an (S; S)-magmatic bialgebra for which V is primitive. Moreover as a coalgebra Mag S (V ) is connected.
Proof. The existence is a consequence of lemma 17. The uniqueness is due to the compatibility relation. Indeed, let us construct
⊗m , for all m ∈ S, as a S-magmatic coalgebra cooperation induced by ∆ m (v) = 0 and verifying the compatibility relation (1). As any tree t ∈ PRT S can be uniquely viewed as the n-grafting of some trees t 1 , . . . , t n the m-ary co-operation on t evaluates to ∆ m (t) = ∆ m • ∨ n (t 1 ⊗ · · · ⊗ t n ). Therefore by the compatibility relation we get:
This proves the uniqueness (there is no other choice to construct the m-ary cooperations).
The connectedness is proven in a similar way as in [3] and gives the following filtration :
and Prim Mag S (V ) = V . (Remark that we are in the case of a (S; S)-magmatic bialgebra and not of a (T ; S)-magmatic bialgebra where T = S.)
Remark that the constructed co-operation ∆ n is exactly ∧ n by uniqueness.
The (T ; S)-rooted magmatic algebra
In the following, we describe a non-symmetric operad related to the S-magmatic operad Mag S and the T -magmatic operad Mag T . It will occur in the structure theorems.
Definition 21. Let I = (I n ) n∈N ≥2 be the right ideal generated by the k-ary operations µ k for all k ∈ S \ T in the non-symmetric operad Mag S (see Definition 10). We set (Mag Root S\T ) 1 := K Id and (Mag Root S\T ) n := I n for n > 1. Proposition 22. We get a non-symmmetric operad
Moreover the (T ; S)-rooted magmatic operad is freely generated by operations Proof. It is easy to verify the monoidal axioms. Moreover, there is a unique way of writing the operations as composition of generating operations (this gives the injectivity of the map (T ; S)-rooted magmatic operad to S-magmatic operad).
Definition 23. A (T ; S)-rooted magmatic algebra A is an algebra over the free operad Mag
Root S\T (i.e. it is a vector space endowed with operations µ k , indexed by S \ T , and
We will denote PRT S root T the set of trees t ∈ PRT S such that the arity of the root is in S \ T . And (PRT S root T ) n denotes the subset of trees having exactly n leaves.
We can identify the space (Mag One key part of the proof of the structure theorem is the construction of the forgetful functor from the algebra structure of the bialgebra to its primitive part. The universal enveloping functor is the left adjoint functor to this forgetful functor and is constructed quite naturally.
Let T ⊂ S ⊂ N ≥2 be two sets. Let A be a S-magmatic algebra. By definition it is equipped with operations µ n , and consequently also with all possible compositions of these. 
Corollary 26. The universal enveloping functor of the free (T ; S)-rooted magmatic algebra is isomorphic to the free S-magmatic algebra :
Proof. Note that the underlying vector space is preserved under the forgetful functor () Mag Root Proof. It is a consequence of the above Corollary 26 and Proposition 20.
Main theorem
In this section, we state the classification theorem for connected (T ; S)-magmatic bialgebra named the structure theorem. In order to prove it, we focus on the construction of the algebra of the primitive elements, and on the rigidity theorem in the particular case of an (S; S)-magmatic bialgebra.
Definition 28. Let C be a T -magmatic coalgebra. The vector space of primitive elements Prim C is defined as
The following theorem gives the classification of the connected (T ; S)-magmatic bialgebras.
Theorem 29. Let T ⊂ S ⊂ N ≥2 be two sets. If H is a (T ; S)-magmatic bialgebra over a field K, then the following are equivalent:
i. H is a connected (T ; S)-magmatic bialgebra.
ii. H is isomorphic to U Mag Root
S\T

(Prim H) as a (T ; S)-magmatic bialgebra. iii. H is cofree among the connected T -magmatic coalgebra.
To prove the above theorem, we have to make the primitive part of a T -magmatic coalgebra explicit.
Proposition 30. The primitive part of a (T ; S)-magmatic bialgebra is generated by the operations µ k and all its composites
µ k • (ν 1 ⊗ · · · ⊗ ν k ) for k ∈ S \ T ,
and ν i are operations generated by operations indexed by S.
Proof. By definition the compatibility relation (1) gives ∆ k • µ l = 0 for any k = l. It comes naturally that µ k , for k ∈ S \ T , is primitive. Indeed, first we have ∆ m • µ k = 0 for all m ∈ T and therefore any composite of the generating cooperations δ composed with µ k will be zero. This gives the primitiveness property. And this is also true for all its composites µ k • (µ i1 ⊗ · · · ⊗ µ i k ) such that k ∈ S \ T and µ i1 , . . . , µ i k composition of operations indexed by S.
As the S-magmatic operad is free, any operation can be uniquely written as composition of the generating operations. Therefore there is a unique way to write an operation as µ k • (µ i1 ⊗ · · · ⊗ µ i k ) where µ k is a generating operation and µ ij are operations of the S-magmatic operad. Suppose that k ∈ T . Then the k-ary cooperation ∆ k composed with µ k •(µ i1 ⊗· · ·⊗µ i k ) is not zero but equals µ i1 ⊗· · ·⊗µ i k . And µ k • (µ i1 ⊗ · · · ⊗ µ i k ) is not primitive in this case.
Therefore the only primitive operations are the operations µ k and all its composites µ k • (µ i1 ⊗ · · · ⊗ µ i k ) such that k ∈ S \ T and i 1 , . . . , i k ∈ S, which ends the proof.
Example 31. We consider ({2, 4}; {2, 3, 4, 5})-magmatic bialgebras, and especially the free algebra. Thus the tree t := ? ? ? ? represents an element which is primitive. Indeed, the following holds Proof. The first remark is that any tree t which admits a root of arity n ∈ S \ T is primitive. This is due to the fact that the tree can be uniquely rewritten as µ n (t 1 ⊗ · · · ⊗ t n ) for certain non-empty trees t 1 , · · · , t n . And by the compatibility relation gives the relation ∧ m • ∨ n = 0 (Lemma 17). This prove that these trees are primitive elements. Similarly, trees such that their root is of arity n ∈ T are not primitive as there exists ∧ n such that ∧ • µ n = Id. By the isomorphism identifying the trees with root of arity n ∈ S \ T with (T ; S)-rooted magmatic algebra the proof is completed (Definition 23).
Then, we focus on the particular case of the structure theorem where the sets T and S are equal. The rigidity theorem is a classification of connected (S; S)-magmatic bialgebra where the primitive part admits a structure of vector space. The results of [3] where S = {2, · · · , n} can be extended to the context of (S; S)-magmatic bialgebra with very few changes.
Definition 34. The completed S-magmatic algebra, denoted by Mag
This definition allows us to define formal power series of trees in M ag S (K) ∧ , i.e. we consider formal power series in the non-associative variable |, where | denotes the generator of the one-dimensional space K = M ag S 1 (K), cf. [5] . Definition 35. Let H be an (S; S)-magmatic bialgebra, n ∈ S, and let f 1 , . . . , f n be linear maps H → H. The n-convolution of f 1 , . . . , f n is the linear map defined by:
We define a map χ from the set of trees to vector space of operations of the (S; S)-magmatic bialgebra: to the n-th corolla t n = ∨(|, . . . , | n ) we associate the operation ⋆ n . As any other tree can be seen as a grafting of corollas of degree k, it is associated with the composition of the respective operations ⋆ k . We denote ⋆ t := χ(t).
Theorem 36. Any connected (S; S)-magmatic bialgebra H is isomorphic to
where ∨ k is k-grafting and ∧ k is the k-ungrafting.
Proof. Since the proof is similar to the proof of the analogous result for m-magmatic bialgebras in [3] , we give only a sketch of the proof.
Suppose that H is connected we prove the isomorphism H ∼ = Mag S (Prim H) by explicitly giving the two inverse maps. We define the S-magmatic coalgebra morphism: G : H → Mag S (Prim H) as the unique extension of the following linear map :
Note that e : H → H defined as
plays the role of a projector on the primitive part. Then we define the S-magmatic algebra morphism F : Mag S (Prim H) → H as the unique extension of the linear map:
where the sum extends on all non-empty planar trees t ∈ ⊕ n≥1 K[PRT S n ]. Moreover, denote by y the generator of M ag S (K), y := |, and by y n := ∨ n • y ⊗n . We define g(y) := y − y 2 − y 3 − · · · − y n − · · · , and f (y) := t, where the sum extends on all planar trees t ∈ ⊕ n≥1 K[PRT S n ]. Using that these two preceding maps are inverse with respect to the composition of such power series one can show that:
Remark that H ∼ = M ag S (Prim H) is a (S; S)-magmatic bialgebra. Indeed, we have the two following properties :
which proves that F is moreover S-magmatic coalgebra morphism (resp. G is a S-magmatic algebra morphism and hence an (S; S)-magmatic bialgebra morphism.
Now we can prove the structure theorem stated at the beginning of the section.
Before starting the proof we recall that the primitive space only depends on the co-operations (there is no unit here), i.e. on the coalgebraic structure.
Proof of theorem 29. We prove the following implications i⇒iii⇒ii⇒i.
i⇒iii. If H is a (T ; S)-magmatic bialgebra then by theorem 36 H is isomorphic to Mag T (Prim H) as a (T ; T )-magmatic bialgebra. Therefore H is cofree. iii⇒ii. If H is cofree, then it is isomorphic to Mag T (Prim H) and Prim H is a (T ; S)-rooted magmatic algebra. Moreover Mag T (Prim H) is a S-magmatic algebra by endowing the vector space Mag T (Prim H) with the products µ n inherited by the products on H. By adjunction (proposition 25), the inclusion map Prim H → Mag T (Prim H) gives rise to a S-magmatic algebra morphism:
On the other hand, the inclusion Prim H → U Mag Root
S\T
(Prim H) admits a unique extension Ψ :
Check that the both maps are inverse one to the other.
ii⇒i. This is corollary 27.
Corollary 37. The following holds for the particular (T ; S)-magmatic bialgebra
Proof. The free S-magmatic algebra Mag S (V ) over a vector space V is connected as a S-magmatic coalgebra (proposition 20). Similarly it can be proven that it is connected as a T -magmatic coalgebra. Indeed, the filtration induced by the connectedness is:
The proof is done by contradiction and descending induction as in [3] .
Then applying the structure theorem 29, we get that
Corollary 33 ends the proof.
The unital version of the m, n-magmatic bialgebra
In this section, we treat the particular case which can be extended to the unital framework: S = {2, . . . , n}, T = {2, . . . , m}. So first we have to redefine the notion of n-magmatic algebra, m-magmatic coalgebra, (m; n)-magmatic bialgebra in the unital framework. In this case the compatibility relation between the operations and co-operations is different. But most of the conclusions of the non-unital framework are preserved.
Definition 38. A unital m-magmatic algebra A is a vector space endowed with n-ary operations µ n , one for each n with 2 ≤ n ≤ m, which are unitary, that is : every µ n admits the same unit map η : K → A, a → a · 1, and
n ) where x i = 1 and x j ∈ A, ∀j .
Diagrammatically this condition is the commutativity of:
r r ee ee ee ee ee ee ee ee ee ee ee ee ee ee ee ee e A .
where η : K → A is the unit map.
Definition 39. A unital m-magmatic coalgebra C is a vector space endowed with k-ary co-operations ∆ k : C → C ⊗k , one for each 2 ≤ k ≤ m, which are co-unitary, i.e. the following diagram is commutative:
Proposition 42. There exists a unique family of coproducts ∆ m with m ∈ S such that ∆ m (1) = 1 ⊗ 1, ∆ m (v) = 1 ⊗ v + v ⊗ 1 for all v ∈ V on the free S-magmatic algebra Mag S (V ) which makes it into a (S; S)-magmatic bialgebra for which V is primitive. Moreover as a coalgebra Mag S (V ) is connected.
Proof. The existence is due to the above example, with 1 := ∅. The uniqueness is due to the compatibility relation. The proof is similar to the non-unital framework. Indeed, let us construct ∆ m :
⊗m , for all m ∈ S as a S-magmatic coalgebra co-operation induced by :
and verifying the compatibility relation (1). As any tree t ∈ PRT S can be uniquely viewed as the n-grafting of some trees t 1 , . . . , t n the m-ary co-operation on t evaluates to ∆ m (t) = ∆ m • ∨ n (t 1 ⊗ · · · ⊗ t n ). Therefore the compatibility relation induces the value of ∧ m (T ). This proves the uniqueness (there is no other choice to construct the m-ary co-operations). Note that the counit relation is verified. Indeed, let t 1 , · · · , t n ∈ PRT n non empty, then:
This proves that the counit relation is verified. We get the connectedness (cf. [3] ) and the following filtration:
and Prim Mag S (V ) = V .
Definition 43. Let C be a unital m-magmatic coalgebra. The vector space of primitive elements Prim C is defined as
Definition 44. A unital (m; n)-magmatic bialgebra (H, µ k , ∆ l ), where 2 ≤ k ≤ m, and 2 ≤ l ≤ m is a vector space H = H ⊕ K1 such that: 1) H admits a n-magmatic algebra structure with l-ary operations denoted µ l , 2) H admits a m-magmatic coalgebra structure with k-ary co-operations denoted ∆ k ,
3) H satisfies the following "compatibility relation":
Remark 45. The compatibility relation (2) can be unified as follows: for any elements x 1 , . . . , x m ∈ H, We must construct an analogue to the forgetful functor in the unital case.
Proposition 47. The map
is a forgetful functor.
Proof. The proof in the non-unital framework has to be completed by the verification of the unital relations. Indeed, the generating operations {µ k • (operation from the n-magmatic algebra)} k∈{m+1,...,n} are again given by a right ideal of an n-magmatic operad.
We then focus on the construction of the universal enveloping functor in this context. Let A be a (m; n)-rooted magmatic algebra, we construct an n-magmatic algebra U Mag Root (x 1 , . . . , x n ) and R(x 1 , . . . , x n ) are the same, namely R(f (x 1 ), . . . , f (x n )) and R(f (x 1 ), . . . , f (x n )).
Corollary 49. The universal enveloping functor of the free unital (m; n)-rooted magmatic algebra is isomorphic to the free unital n-magmatic algebra : The proof is similar to the non-unital case treated above.
Remark 51. Unital S-magmatic algebra, S-magmatic coalgebra, (T ; S)-magmatic bialgebra would be better described by pseudo-operads with a zero-ary operation and without associativity of composition for the cases where this operation is involved. Proof. The dimension of the space (Mag Root S\T ) n of operations with n arguments is given by the number of planar trees with n leaves, which fulfill the property, that the arity k of the root is an element of S \ T and the arity of each other internal vertex is an element of S. Equivalently, every tree representing an operation in Mag Root S\T is either the tree which consists only of the root, or is given by the choice of k ∈ S \T and an ordered k-tuple of planar reduced trees that represent operations in Mag S . Thus we get the formula f Mag Root S\T (x) = x + k∈S\T (f Mag S (x)) k .
Proposition 53. Let T ⊂ S ⊂ N ≥2 . Then:
